We study the interplay between coherence and mixedness in meson and neutrino systems. The dynamics of the meson system is treated using the open quantum system approach taking into account the decaying nature of the system. Neutrino dynamics is studied in the context of three flavor oscillations within the framework of a decoherence model recently used in the context of LSND (Liquid Scintillator Neutrino Detector) experiment. For meson systems, the decoherence effect is negligible in the limit of zero CP violation. Interestingly, the average mixedness increases with time for about one lifetime of these particles. For neutrino system, in the context of the model considered, the decoherence effect is maximum for neutrino energy around 30 MeV. Further, the effect of CP violating phase is found to decrease (increase) the coherence in the upper 0 < δ < π (lower π < δ < 2π) half plane.
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I. INTRODUCTION
The quest for understanding the diverse nature of quantum correlations has lead in recent times to a rethinking in terms of the most pristine adjective associated with quantumness, viz., quantum coherence. Quantum coherence has been the subject of a lot of interest as a resource, having implications to implementation of technology [1] [2] [3] as well as in studies related to nonclassicality under the action of general open system effects [4] . The resource-driven viewpoint is aimed at achieving a better understanding of the classical-quantum boundary, in a mathematically rigorous fashion. Some of the well known measures of quantum coherence are those based on relative entropy [2, 5] and skew-information [6] . Further, it has been recently shown that measures of entanglement can be put to use to understand quantum coherence [7] . Recently a trade-off between mixedness and quantum coherence, from the perspective of resource theory [8] , inherent in the system was proposed in the form of a complementarity relation [9] . These studies have mostly been focused on quantum optical systems from the perspective of quantum information.
In this work we revisit these issues in the context of interesting sub-atomic systems, viz. the K and B mesons that are copiously produced at the φ and B-factories, respectively and the neutrino system generated in reactors and accelerators. These particles mainly aim at probing higher order corrections to the Standard Model (SM) of particle physics along with hunting for physics beyond the SM. The precision measurement at BaBar and Belle experiments confirmed the Cabibbo-KobayasshiMaskawa (CKM) paradigm of the SM. The ongoing experiments at the Large Hadron Collider (LHC) and Belle II experiments will now look for the signals of non standard CP (C stands for Charge Conjugation whereas P * dixit.1@iitj.ac.in † naikoo.1@iitj.ac.in ‡ subhashish@iitj.ac.in § akalok@iitj.ac.in stands for Parity) violating phases by very high precision measurements of various B decays. On the other hand, the phenomena of neutrino oscillations is experimentally well established and ongoing and future experimental facilities in neutrino sector aim to resolve some unsolved problems such as observation of CP-violating phase in leptonic sector and the mass hierarchy problem. These systems can also be used to study a number of fundamental issues in physics such as non-locality, entanglement [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] as well as probing signatures of quantum gravity like background fluctuations [22] . Further, these systems are oscillating, unstable in nature and driven by weak interactions in contrast to the usual systems used in quantum information processing which are basically stable and governed by the electromagnetic interactions. Neutrinos are also weakly interacting and stable particles, showing oscillating behavior. Thus, the blend of all these makes these systems unique and interesting for the study of fundamental issues.
In [23] , a subtle spilloff of the concept of wave-particle duality was brought out by the introduction of the concepts of quantum marking and erasure. This was quantified, in the language of interferometry, by the EnglertGreenberger-Yasin relation [24, 25] which expressed a trade-off between the fringe visibility, a wave like nature, and path distinguishability, a particle like nature. This is also known as the quantum erasor and has been investigated in the context of correlated neutral kaons [26] . Along with coherence, an important aspect of quantum dynamics is mixing which quantifies the ability of the system of interest to retain its quantumness.
Decaying systems are inherently open systems [17, 22] . Hence, it becomes relevant to understand the trade-off between coherence and mixing in these decaying meson systems. In this work we study the complementarity between coherence and mixing in these oscillating unstable open quantum systems driven by weak interactions. We study how these are dependent on quantum gravity like background fluctuations, decay width and CP violation, which is one of the important criterion to explain the present matter anti-matter asymmetry of the universe.
To undertake a similar study for neutrinos, we incorpo-rate decoherence effects (possibly) due to quantum gravity like fluctuations in neutrino system, using the formalism of [27, 28] . This was constructed to explain the LSND (a short baseline accelerator neutrino experiment) data which could not be described by usual three flavor neutrino oscillation phenomena. We have also studied the CP-violating effects in this system. The paper is organized as follows. In Sec. (II), we discuss the dynamics of meson and neutrino system. The unstable meson system is describe in the language of open quantum systems. In Sec. (III), we give a brief account of the measures of quantum coherence and mixedness. Section (IV) is devoted to results and their discussion. We conclude in Sec. (V).
II. SYSTEM DYNAMICS
In this section, we briefly discuss the dynamics of the meson and neutrino system. The former being a decaying system, is treated as an open quantum system. Neutrino dynamics is studied in the context of three flavor oscillations within the framework of a decoherence model recently used in the context of LSND experiment.
Meson. For the B system, imagine the decay Υ → bb followed by hadronization into a BB pair. In the Υ rest frame, the mesons fly off in opposite directions (left and right, say); since the Υ is a spin-1 particle, they are in an antisymmetric spatial state. The same considerations apply to the K system, with the Υ replaced by a φ meson.
The flavour-space wave function of the correlated MM meson systems (M = K, B d , B s ) at the initial time t = 0 is
where the first (second) particle in each ket is the one flying off in the left (right) direction and |M and |M are flavour eigenstates. As can be seen from (1), the initial state of the neutral meson system is a singlet (maximally entangled) state.
The Hilbert space of a system of two correlated neutral mesons, as in (1), is
where H L,R are the Hilbert spaces of the left-moving and right-moving decay products, each of which can be either a meson or an anti-meson, and H 0 is that of the zeroparticle (vacuum) state. Thus, the total Hilbert space is the tensor sum of a two-particle space, two one-particle spaces, and one zero-particle state. The initial density matrix of the full system is
The system, initially in the two-particle subspace, evolves in time into the full Hilbert space, eventually (after the decay of both particles) finding itself in the vacuum state. As can be appreciated from basic notions of quantum correlations such as entanglement, we need to project from the full Hilbert space H down to the twoparticle sector H L ⊗ H R . This is easily done once ρ H (t) is written in the operator-sum representation [17, 22, 29] . The result is
where
2 ) and r = (1+ )/(1− ). ρ(t), which is written in the basis {|M M , |MM , |M M , |MM }, is trace-preserving. Here is a small CP -violating parameter [30] . It is of order ∼ 10 −3 for K mesons and 10 −5 for B d,s mesons. λ is the decoherence parameter, representing interaction between the one-particle system and its environment which could be ascribed to quantum gravity effects [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] . Some quantum gravity models are characterized by quantum fluctuations of space-time geometry, such as microscopic black holes, giving rise to quantum space-time foam backgrounds and hence may lead to decoherence. A stochastic fluctuation of pointlike solitonic structure, known as D-particles, can constitute an environment for matter propagation [35, 36] . Further, if the ground state of quantum gravity consists of stochastically-fluctuating metrics, it can lead to decoherence [38, 39] . The decoherence in the mesonic systems can also be due to the detector background itself. Irrespective of the microscopic origin of the environment, its effect on the neutral meson systems, in our formalism, is modelled by a phenomenological parameter λ.
Diverse experimental techniques are used for testing decoherence, ranging from laboratory experiments to astrophysical observations [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] . In the case of the K meson system, its value has been obtained by the KLOE collaboration by studying the interference between the initially entangled kaons and the decay product in the
The value of λ is at most 2.0×10 8 s −1 at 3σ. Using existing Belle data on the time-dependent flavour asymmetry of semi-leptonic B d decays as given in Ref. [53] , an estimate on λ for the B d system was obtained in [22] . At 3σ, the value of λ is restricted to 0.012 × 10 12 s −1 [22] . For B s mesons, to the best of our knowledge, there is no experimental information about λ. We consider it to be same as is in case of and Γ Bs = 6.645 × 10 11 sec −1 [30, 54] . Here the study of decaying systems is made using its evolution. Another approach would be to study, instead, the construction of effective operators and study their evolution, instead of studying the state evolution, i.e., by invoking the Heisenberg picture. This approach was used to construct Bell inequality violations in neutral Kaon systems [55] .
Neutrino. We study coherence in the context of three
Here
. In this work we use the initial state as ρ µ (0) = |ν µ ν µ |, relevant to the LSND experiment and in the context of the decoherence model discussed in Sec. (III). The matrix (U EU −1 ) contains, apart from the mixing angles θ ij , the mass square differences ∆m 
III. MEASURES OF COHERENCE AND MIXEDNESS
Here we study the interplay between quantum coherence and mixedness inherent in the state (4) . We use the definition of coherence χ(ρ) as given in [18] , in terms of the off-diagonal elements of the density matrix. The mixedness parameter denoted by η(ρ) is given in terms of the normalized linear entropy [57] . The balance between coherence and mixedness was recently expressed in terms of a complementarity relation as [9] β(ρ) = χ 2 (ρ)
where ρ ij are the off-diagonal elements of the density matrix ρ and n is the dimension of the system. For meson and neutrino systems described in the previous section, n = 4 and 3, respectively. Coherence and Mixedness in meson system. In order to take into account the effect of decay in the system under study, the measures given in Eqs. (7) and (8) must be multiplied by the probability of survival of the pair of particles up to that time, P S (t), which can be shown to be
where Γ is the meson decay width. For the K meson system, Γ = (Γ S + Γ L )/2 where Γ S and Γ L are the decay widths of the short and the long neutral Kaon states, respectively. For the state given in Eq. (4), we have
Also, the mixedness parameter η(ρ) is given by
The corresponding simplified expressions, neglecting the small CP violation, can be obtained from these expressions by setting equal to zero. Coherence and mixedness in neutrino system. In order to understand the interplay between coherence and mixedness for the three flavor neutrino system, we need to take into account the decoherence effects due to environmental influences. For this purpose we follow the phenomenological approach of [27] whose motivation was to explain the LSND signal via quantum-decoherence of the mass states leading to the damping of the interference terms in the oscillation probabilities. A possible source of this kind of effect might be quantum gravity. The decoherence effects when taken into account lead to the following form of the density matrix in mass basis [27] 
Here γ ij are the decoherence parameters and ∆ ij ≈ ∆m 2 ij 2Eν , with ∆m 2 ij and E ν being the mass square difference and the energy of the neutrino, respectively. Here the elements of the density matrix at time t = 0 are given by ρ ij (0) = U * αi U αj , such that U αi are the elements of the PMNS (Pontecorvo-Maki-Nakagawa-Sakata) matrix. The most economic scenario that describes all the LSND data leads to γ 12 = 0 and γ ≡ γ 13 = γ 32 .
In [28] an exponential dependence of the decoherence pa- (7), for the state in Eq. (13), is plotted with respect to the CP violating phase δ and the energy Eν of the neutrino. The blue and red surfaces correspond to the cases with and without decoherence parameter, respectively. The minimum of the coherence parameter occurs for Eν ≈ 30 MeV and δ = π.
rameters on neutrino energy was conjectured to be
Best fit values of E 3 and E 1 are 55 MeV and 20 MeV, respectively with n = 2 and γ = 0.01 m −1 . It turns out that γ attains its maximum value at around 30 MeV; consequently, one expects maximum decoherence at this energy.
IV. RESULTS AND DISCUSSIONS
We now interpret the dynamics of meson decay and neutrino oscillations from the perspective of concepts underpinning the foundational aspects of quantum mechanics, such as the interplay between coherence and mixing.
Mesons: For meson-systems, coherence is a function of λ, , t and Γ. For λ = 0, χ = e −2 t Γ . Thus we see that, in the absence of decoherence, coherence depends only on Γ and t and not on CP violation. In the absence of CP violation in mixing, χ = e −2 t Γ . Hence in the limit of neglecting CP violation in mixing, coherence is independent of decoherence parameter.
Like coherence, mixedness is also function of λ, , t and Γ. η(ρ) = 0 only if λ = 0, i.e., the state (4) will become mixed only in the presence of quantum gravity like background fluctuations. Also the maximum value of η(ρ) cannot approach 1, as can be seen from Fig.(1) . Hence the concept of maximally coherent mixed state, which is valid for states satisfying the equality in the complementarity equation will never happen in these decaying systems, as can be seen from the right most panels of Fig (1) . Apart from the violation of the well-known relation between non-locality and teleportation fidelity, as observed in [17] , this brings out another difference between the stable and decaying system. The effect of CP violating parameter in mixedness is negligible. It is obvious from the middle panel of Fig. (1) that η(ρ) increases with t till about one life time of the mesons. After one life time, the average mixedness is seen to decrease with time. This is an artifact of the decaying nature of the system and can be attributed to the modulation by P S (t), Eq. (9) .
The interplay between coherence and concurrence, C(ρ), can be represented as
It can be seen from the above relation that coherence and concurrence are not synonyms with each other, a fact that is highlighted by the interest in coherence resource theory [2] . Further, the interplay between coherence, mixedness and nonlocality 1 , M (ρ), is given by
Here M (ρ) denotes non-locality modulated by the probability of survival of the pair of particles up to the time of interest [17] . M (ρ) > 1 implies non-locality [58] . To keep the expression simple, here we have neglected the small CP violating parameter . From the above equation, we get M (ρ) = 2χ(ρ) − 3 2 η(ρ). Using the theoretical expressions for χ(ρ) and η(ρ), given in Eqs. (10) and (11), respectively, along with the numerical inputs for Γ and λ, we can reproduce the M (ρ) plots as obtained in [17] . This brings out the consistency of the present analysis.
Neutrinos: In case of neutrinos, since we are restricted to use a specific model to incorporate decoherence effects, we used the phenomenological approach of [27, 28] which was motivated to explain the LSND signal. This model considers the decoherence effect in mass basis. The decoherence parameter γ, given in Eq. (15) , has exponential dependence on neutrino-energy E ν and attains maximum value at approximately 30 Mev. Consequently, the coherence parameter χ and the mixedness parameter η attain their minimum and maximum values, respectively, at this energy. The complementarity relation also holds in case of neutrinos as can be seen in right panel of Fig. (2) .
The coherence for the neutrino system is found to depend on the CP violating phase δ. The effect of the CP violating phase δ is depicted in Fig. (3) . It is clear that the coherence parameter decreases (increases) in the upper half plane 0 < δ < π (lower half plane π < δ < 2π), and attains its minimum value at δ = π and energy E ν ≈ 30 MeV.
V. CONCLUSIONS
In this work we have studied the interplay between coherence and mixedness for the systems such as neutral mesons and neutrinos which are governed by weak interactions. The meson systems are interesting as well as challenging due to them possessing both oscillatory and decaying nature while neutrino system is stable. We study the impact of decoherence and CP violation. For mesons, in the limit of neglecting CP violation in mixing, it is observed that coherence is independent of the decoherence parameter. It is also shown that the concept of maximally coherent mixed state, which is valid for states satisfying the equality in the complementarity relation will never happen for the correlated neutral meson system. An interesting feature that comes out is that for about one life time of these particles, the average mixedenss increases with time in consonance with our usual notion of mixedness. However, after this, the mixedness decreases with time, a behavior that can be attributed to the decaying nature of the system. Further, we also find that for these correlated meson systems, quantum coherence and entanglement are not synonyms with each other, a fact that has been bolstered by the interest in coherence resource theory.
For neutrino system, coherence and mixedness is studied in the context of the decoherence model for LSND experiment. In this model, the decoherence parameter γ is a function of the energy of neutrino E ν . The coherence parameter decreases with the increase in γ and attains its minimum value at E ν ≈ 30 MeV. Further, the coherence for the neutrino system is found to depend on the CP violating phase δ.
